Mathematical Model of the Thermal Processing
of Steel Ingots: Part Il. Stress Model

B.G. THOMAS, 1. V. SAMARASEKERA, and J. K. BRIMACOMBE

A mathematical model has been developed to predict the internal stresses generated in a steel ingot
during thermal processing. The thermal history of the ingot has been predicted by a finite-element,
heat-flow model, the subject of the first part of this two-part paper, which serves as input to the stress
model. The stress model has been formulated for a two-dimensional transverse plane at mid-height of
the ingot and is a transient, elasto-viscoplastic, finite-element analysis of the thermal stress field.
Salient features of the model include the incorporation of time-temperature and temperature-dependent
mechanical properties, and volume changes associated with nonequilibrium phase transformation.
Model predictions demonstrate that the development of internal stresses in the ingot during thermal
processing can be directly linked to the progress of the phase transformation front. Moreover, the low
strain levels calculated indicate that metallurgical embrittlement must be very important to the
formation of cracks in addition to the development of high tensile stresses.

I. INTRODUCTION

THE importance of predicting the thermal stresses in a steel
ingot during processing, in an effort to understand the
mechanisms for the formation of defects such as panel
cracks, cannot be over-emphasized. Although a number of
studies have been undertaken to elucidate the role of factors
such as thermal history, stress generation, and ductility loss
on panel crack formation, these have been qualitative and
no numerical stress model has yet been utilized.

Until recently, the modeling of thermal stresses in cast-
ing processes has involved crude “strength of materials”
approaches and therefore has had only limited applica-
tion. Only with the advent of more sophisticated computer
modeling techniques is the capability to simulate stress
generation more accurately being developed. Advanced
numerical stress models, including the effects of creep, have
now been successfully applied to continuous casting,'~ but
models previously developed for ingot casting”®® have
ignored creep and only two have considered the effects of
phase transformation.””

This paper, which is the second of a two-part study,"
describes the development, verification, and application of
a mathematical model which calculates the thermal stresses
generated in an ingot during solidification in the mold, air
cooling, and subsequent reheating in the soaking pit. The
model relies on the heat-flow analysis described in the first
part for predictions of the thermal field and is based on the
premise that uncoupling of the heat flow and stress models
is realistic in view of the negligible effect heat gener-
ated by in-elastic deformation has on the slowly changing
thermal field.

Because the impetus for developing the stress model was
to understand the mechanisms leading to panel crack for-
mation in aluminum-killed steel ingots, property data and
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assumptions made in the formulation of the model reflect
this end use. The variables chosen to describe quantitatively
the development of thermal stresses during steel ingot
processing are linked to well known fracture criteria and lay
the groundwork for later papers in which the mechanisms
governing the formation of these defects are elucidated.

II. MODEL FORMULATION

The model has been formulated for a two-dimensional,
one-quarter, transverse section through the ingot at mid
height, for reasons elucidated in Part I."° A state of plane
stress was assumed and only small strains were considered.
Thus, the stress distribution within the two-dimensional
solid region is governed by:

do, 0T,
+. —t
ax ay

=0 [1]

a0, o _ g o)
ady dx

where o, o, are the internal stresses in the ingot normal to
the x and y planes, respectively. Stresses in the mold were
not computed, for economy.

The standard “displacement formulation” was used to
relate stress increments, {Ac}, to displacement increments,
{u, v}, through the “kinematic relations”:

a/ox 0 u
{Ae}=| 0 a/dy {V} [3]
9/dy a8/ox

and the constitutive equations for an elastic, plane-stress,
isotropic condition:

{Ac} = [El{Aee} [4]
where
£ 1 v 0
[E] = m v 1 0 [5]
0 0 1—vw
2
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and E is temperature dependent and v is temperature
independent. The incremental total strain vector, {A e}, was
divided into three parts in order to relate it to the elastic
strain increments, {Ag.}:

{Ae} = {Aed + {Aer} + {Agy) (6]

{A &1} and {A g} contain the incremental thermal strain com-
ponents and plastic creep strain components, respectively.

A. Boundary Conditions

These equations are subject to the boundary conditions
illustrated schematically in Figure 1 for the 760 X 1520 mm
steel ingot. To impose two-fold symmetry, one degree of
freedom was removed along each centerline by imposing the
specified displacement boundary conditions:

t =0, 0 =x = 0.380, u=20

[7]
v=20
[8]

The conditions in Egs. [7] and [8] remove both degrees of
freedom from the center of the ingot (0, 0) to prevent rigid
body motion.

Over the remaining exterior surface of the ingot, no
applied surface tractions were imposed. This boundary con-
dition assumes that no sticking occurs in the mold. This is
reasonable, since any stresses arising due to sticking would
occur early during solidification and could only lead to “hot
tearing”, a cracking problem involving high temperature
embrittlement that is different from panel cracking. Pre-
vious work indicates that panel cracks form through a differ-
ent mechanism involving intermediate temperature ductility
losses and occur much later during ingot processing."

y =0,

0=y = 0.760,

/

Zero normal stress

dy
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Zero displacement in
Y direction

Fig. 1— Stress model boundary conditions.
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B. Thermal Strain

The volume changes that accompany changing tem-
perature gradients are traditionally accounted for in thermal
stress models through a constant thermal expansion co-
efficient.!*®!1® This results in an incremental thermal
strain vector:

(T — T0) a AT
{AST} = a(THAz - Tr) =la AT [9]
0 0 ‘

where T,.x, and T, define the change in temperature over a
time interval for which the resulting stresses are to be calcu-
lated. However, the temperature dependence of « for steel
cannot be ignored in this analysis owing to the wide range
of temperatures encountered in the thermal processing of
ingots. In addition, the volume changes caused by phase
transformation are significant and must be included. A
method, which is capable of handling any type of volume
change, was adopted in this model to account for the expan-
sion and contraction associated with phase transformations.
Thermal linear expansion was used as a state function in an
analogous manner to the use of enthalpy, in heat transfer
modeling, instead of specific heat:
T

TLE(T) =J' a(T)dr [10]

Ty

where T, is an arbitrary base temperature, assumed equal to
0 °C. The model then calculates thermal strain increments
from the temperatures generated by the heat flow model:

TLE(T,+a)) — TLE(T))
{Aex} = {TLE(T.sa)) — TLE(T)) (11]
0

The model then requires the thermal linear expansion of the
desired steel to be input as a function of temperature, includ-
ing the strains resulting from phase transformations.

C. Plastic-Creep Strain

In addition to the thermal strain, the stress model must
also account for the time- and temperature-dependent plastic
flow behavior of steel, including strain due to creep. This
has a profound influence on stress generation at the elevated
temperatures and low strain rates encountered during ingot
casting. Unfortunately, it has been neglected in previous
ingot stress models.”"!

In previous work, time-independent plastic flow and
creep often have been treated separately. However, the
strain generated by creep is physically indistinguishable
from that resulting from time-independent plastic flow. Both
are incompressible and irrecoverable. Particularly at higher
temperatures, where experimental observations are difficult
and only the combined effect is measurable, there is little
justification for dividing plastic strain into two types. The
distinction is, at best, only an analytical convenience."

Part of the confusion arises because the time-dependent,
plastic flow behavior of metals at elevated temperatures has
been studied experimentally using several different uniaxial
testing methods. The first is standard tensile testing where
a fixed strain rate is applied to a specimen and the resulting
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stress is recorded as a function of plastic strain. This leads
to mathematical descriptions of the behavior in terms of
“strain hardening’:

o = f(&p, T, &) [12]

The second method is the standard creep test, where a
fixed stress is applied and the resulting strain is recorded
as a function of time. This gives rise to “time-hardening”
descriptions involving creep or creep rate functions. For
example:

&, = f(0,T,1) [13]

A third method is stress relaxation which examines time-
dependent plastic flow under constant strain. This results in
“time-softening” expressions for stress:

o = f(ep,T,1) [14]

These seemingly different phenomena are all simply dif-
ferent manifestations of a single, complex relationship be-
tween g, €,, T, and ¢ or £,. The present model incorporates
a more general description of time-dependent, plastic flow
which lumps both creep and plastic strain rates together as
a single “plastic creep” strain rate:

&, = f(o, T, structure) [15]

The structure parameter, which characterizes the resistance
to plastic flow offered by the internal microstructural state
of the material, could be represented by a number of vari-
ables such as accumulated plastic strain, time, or dislocation
density."* The plastic-creep strain rate, €p, is a scalar func-
tion based on uniaxial test data for steel which was input
to the model over appropriate stress, strain rate, and
temperature ranges. The components of the incremental
“plastic-creep strain” vector, {A€,}, required by the stress
model, were calculated from &, using the Prandtl-Reuss
relations for associated plasticity in plane stress, and the
Von Mises effective stress parameter. !>

This formulation can be classified as an elasto-visco-
plastic thermal stress model. " It provides both a simple and
physically reasonable mathematical treatment of plasticity
which could be employed to provide computationally effi-
cient solutions to both pure elasto-creep problems and time-
independent plasticity problems.

III. SOLUTION TECHNIQUE

The solution technique developed for the present model
was based on a method developed by Zienkiewicz
and Cormeau' combined with approaches taken in other
studies. "'

Using standard finite-element techniques to reformulate
and solve the elasto-viscoplastic thermal stress problem de-
scribed mathematically by Egs. [1] through [8], [11], and
[15] results in a set of simultaneous equations, to be solved
at each time step for the unknown nodal displacements, {d},
which contain the x and y displacements, u and v, for each
node in the mesh:

[K,{d} = {F. + {F. } [16]
The global stiffness matrix, [K,], global thermal force
vector, {F.,}, and global plastic strain force vector, {Fsp}’
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are found by summing the contributions from individual

elements:

NE NE

(K] = 2K = 2 f f [BY[ELBLdA  [17]
i=1 YA

i=1

)= ) =2 | [BYEMasbar s

() =2y -3 | [BYELacar 19

[B¢ is the 3 X 6 matrix containing the displacement gra-
dients for the constant strain triangle.'®"

The spatial continuum was divided into three-node,
constant-strain, triangular finite elements which matched
the nodal scheme employed in the heat-transfer model, per-
mitting direct input of temperature. These simple elements
were chosen over higher order elements because non-
linearities, such as the discontinuous stress field across the
solid-liquid boundary, would be better approximated by a
large number of elements than by fewer elements each hav-
ing more degrees of freedom. In addition, the same element
mesh data could be employed after discarding the mold
elements and renumbering the ingot nodes to reduce the
bandwidth. Figure 2 illustrates the 330 node, 575-element
mesh constructed to model the 760 X 1520 mm (30 X
60 in.), 23,000-kg steel ingot chosen to represent a typical
off-corner, panel-cracked ingot size.

Fig. 2— Finite-element mesh used for stress analysis of a 760 X
1520 mm, 23,000 kg corrugated ingot.
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Variables that define the state of the ingot were initialized
and tracked for each node in the mesh as time proceeded.
These included the temperature, total strain components,
total plastic-creep strain components, total stress compo-
nents, the fraction austenite transformed, and the direction
of heating/cooling. Within each element, a constant elastic
modulus was calculated at each time step by using nodal
temperature input from the heat-transfer model:

1
B = 2 [ETim) + ETopes) + ETava)

+ E(Ty,) + E(To,) + E(Ts,)] [20]

Poisson’s ratio was assumed to remain constant with a
value of 0.3. With increasing temperature or decreasing
strain rate, v has been observed experimentally to increase,
reaching a maximum of almost 0.5.%° However, this merely
reflects the increase in incompressible plastic flow due to
creep which the model takes into account separately.

Plastic strain rate values, ép, were calculated for each
node at the beginning of each time step based on the pre-
viously known stress state and average temperature over the
time interval. In evaluating &,, precautions were taken in the
model numerically to ensure that the sense of g€, Was in
the same direction as the stress. Plastic-creep strains for the
time interval were then evaluated from:

As, = Até, [21]

Incremental thermal loads for the time step, {Aex}, were
calculated for each node using Eq. [11]. Fixed degrees of
freedom were then achieved simply by removing the appro-
priate rows and columns from the global matrices. The
banded, symmetric, matrix equation, Eq. [16], was then
assembled and solved in core memory for the unknown
nodal displacements using the Cholesky method.”" Total
strain increments were then calculated from the displace-
ments with the expression:

{Ae} = [B]{d) [22]

and stress increments were evaluated from the strains within
each element:

{Ac) = [E]({Ae) — {Aey} — {Aer) (23]

Finally, the total state variables were updated prior to the
next time step:

{U}I+AI = {O'}t + {AU} [24]
{8}1+Ar = {5}1 + {AS} [25]
{Sp}rJrAr = {8p}t = {Agp} [26]

The model uses a simple, explicit time-stepping proce-
dure. Because the thermal and plastic strain vectors do not
contribute directly to the stresses, and nonlinearity is intro-
duced into the problem mainly through these terms,
minimization of a residual force vector was not very pro-
ductive in improving accuracy. For this reason, it was found
that accuracy improvement by iteration within a time step
was achieved by simply applying the thermal load in smaller
increments, distributed throughout the time interval. This is
equivalent to using smaller time steps and it allows all of the
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nonlinearities in the problem to approach more closely the
linear approximation inherent to the calculation procedure.

Use of the same global stiffness matrix, [K,], for sev-
eral time steps allowed a substantial reduction in comput-
ing costs and is similar to the modified Newton-Raphson
method used in the initial stress approach for elasto-plastic
problems. '*™®

Because the time-integration procedure is explicit in na-
ture, it is prone to instability if the nonlinearities are too
large. This was partially overcome through the introduction
of variable time steps which also were used in the heat-
transfer model. Smaller time steps were employed both ini-
tially and at times when the temperature and stresses were
changing rapidly. At other times, the linear approximations
of the model were valid over longer time intervals.

Unfortunately, the optimum time step size is very difficult
to estimate and is the subject of ongoing research. To over-
come stability problems that were occasionally encountered,
a truncating function subroutine was built into the program.
This limited the maximum size of a plastic creep strain
increment in any time step to 5 pct of the total effective
plastic strain accumulated up to that time. The value of 5 pct
falls in the 1 to 15 pet range suggested by Zienkiewicz and
Cormeau' and was found to prevent instability in all cases.
Naturally, severely-truncated model runs would under-
predict creep strain and therefore overpredict stress. By
recording the extent of truncation, these inaccuracies could
be anticipated and subsequently avoided.

The model, including pre- and post-processing routines,
was coded into FORTRAN IV programs and run on the
UBC Amdahl 470/V8 computer.

IV. THERMOMECHANICAL PROPERTY DATA

The accuracy of stress model predictions has been limited
in the past by the lack of a general constitutive equation and
appropriate experimental data with which to quantify the
visco-plastic behavior described in Eq. [15].

A. Plastic-Creep Strain Rate Function

The search for a state function to characterize the struc-
ture parameter in Eq. [15] is a difficult task which has
received recent attention.?>*** Experimental data from con-
stant stress and constant strain (stress relaxation) tests are
usually expressed as functions of time, which is obviously
a very poor state variable with which to characterize struc-
ture during the processing of a steel ingot. While the strain
hardening relationships developed from constant strain rate
test data are better, they still model high-temperature soft-
ening behavior very poorly. In view of these deficiencies,
the inclusion of a structure parameter was judged to be
premature. Thus, as a first approximation, data were used to
fit an equation of the form:

¢, = f(o,T) [27]

This is equivalent to assuming the constant structure condi-
tion of secondary creep in the creep test and zero strain
hardening in the tensile test. It is a fairly reasonable approxi-
mation for the behavior of steel at elevated temperatures and
has been incorporated in previous models.**
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To model the medium-carbon steels affected by mid-face
panel cracking, a relationship developed by Wray was
adopted:*

— —41938
. _ 10 6,90 5290
gp = 907 X 10"[sinh(0.03560)] exp(T n 273)

(28]

This equation was based on flow stress data from tensile
tests conducted on 0.46 pct C steel at intermediate strain-
rate in the austenite phase at a plastic strain of 0.2 pct. It
predicts mechanical behavior similar to that of the data
reported by other researchers.??

Not surprisingly, the influence of temperature on the plas-
tic deformation of steel was found to be approximately
the same regardless of the nature of the experimental test
(constant stress or constant strain rate) —an Arrhenius rela-
tionship with an activation energy equal to that of iron
self-diffusion in the range 200 to 340 kJ /g mole.”*"~* Pines
and Sirenko® report that the temperature dependence of
creep rate in steel is determined solely by the self-diffusion
coefficient of iron. However, the self-diffusion coefficient
of a iron is three hundred®' to one thousand® times larger
than that of vy at the same temperature. In addition, several
other studies have either noted or implied accelerated creep
in the softer ferrite phase of low-carbon steels.?**>~* Thus,

Plastic creep strain rate, dep/dt (s

| | | | |
500 700 900 1100 1300 1500
Temperature (°C)

Fig. 3—Plastic creep strain rate function used for low-carbon steel.
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to model low-carbon, (0.15 pct C) steel, a modified version
of a relationship developed by Wray® was adopted:

&, = Ag[sinh(0.07417)** exp(%) [29]
where,
for T > Ar;, Ay = 4.2 x 10°
for T < Ary, Ay = 4.2 X 10"

and Ar, and Ar; were 650 °C and 780 °C, respectively.

The original equation was based on tensile data for
0.051 pct C austenite at 0.2 pct plastic strain. The plastic-
creep strain rate was enhanced by a factor of 1000 for tem-
peratures extrapolated below the Ar, into the ferrite/pearlite
region. Within the two-phase region, a weighted average of
the two plastic creep rates was employed, based on the
volume fractions of austenite and ferrite/pearlite present.
Figure 3 shows the strain-rate temperature curves generated
on the basis of Eq. [29] and employed in the model.

A test simulation was also conducted using a relationship
by Sakui and Sakai® for secondary creep that was reported
by Grill and Schwerdtfeger® to underpredict bulging strain in
continuous casting bulging studies:

= 34,470)

T + 273 1301

gp = do>* exp<

B. Thermal Linear Expansion Function

Coefficients for thermal linear contraction of iron are
2.2 X 107> m/m °C for austenite and 1.55 X 107> m/m °C
for ferrite.”®* These values are fairly independent of both
composition and temperature above 300 °C. However, one
of the most important sources of stress that could potentially
cause panel cracking is the volume change which accom-
panies the phase transformation from austenite to ferrite
between the A; and A, temperatures. The expansion on cool-
ing is 0.342 pct'* which is equivalent to a temperature
change over 150 °C, as illustrated in Figure 4. This figure
also shows the 0.20 pct contraction that accompanies the
delta to austenite transformation at 1400 °C.* Above the
solidus temperature, the model assumes TLE to remain
constant in order to help prevent stress development in
the liquid.

Modifications of this 7LE function for steel were made
difficult by the complexities of the y 2 « phase transfor-
mation, which occurs over a range of temperatures and
depends on both composition and thermal history. It was
accomplished as follows. First, a relationship was derived,
using literature data and dilatometer experiments, to include
the influence of carbon content on the percent linear change
accompanying the y 2 a phase transformation:"

TLE(y — a @ 900 °C)
= 0.342 pet — 0.278 pet(pet C) [31]

Then it was assumed that the overall TLE value could be
calculated using a weighted average of TLE for the volume
fractions of ferrite/pearlite and austenite phases present:

_ (pct @) (pet )

= R
TLE = 0= (TLE,) + =0

(TLE,)  [32]
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Fig. 4— Thermal linear expansion of iron assumed in stress model.

where TLE, and TLE, are based on the empirical equations
in Figure 4, modified to include Eq. [32].

If the structure present was dependent only on tempera-
ture, it would now be a simple matter to use the Fe-C phase
diagram to calculate the equilibrium fractions of ferrite and
austenite present at any temperature between the A; and A;.
However, even at the slow cooling rates present in the ingot,
there is an unavoidable delay in nucleation before the start
of the transformation which gives rise to a temperature dif-
ference between Ar; and Ac; of about 60 °C. Ignoring this
effect would produce a qualitative difference in stress gen-
eration. For example, reheating a portion of the ingot that
had cooled into the two-phase region will initially result in
expansion. However, an equilibrium model basing volume
on temperature alone would incorrectly model this situation
as a contraction. In addition, the reversal from cooling
to heating that occurs upon charging to the soaking pit
produces a hysteresis effect in TLE that is instrumental in
developing the phase transformation stresses that result
in panel cracking. Thus, it was necessary to include phase
transformation kinetics in the model. This was done by
incorporating Continuous-Cooling Transformation, CCT,
data into equations employed to calculate the fraction aus-
tenite present as a function of temperature in the two-phase
region as given below:

Ar, < T < Ar;, cooling:

(Ar; — T) :|
=50 —— | + 50 33
pcty =75 COSI:W(Arg ~An) [33]
Ac, < T < Ac;, heating:
(Ac; — T) ]
ty =50 — | + 50 34
pet vy cos['n'(AC3 ~ el [34]

For the slow cooling rates present in the ingot, the CCT
curves are relatively flat so that the transformation is better
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characterized by start and finish temperatures than by times.
The model therefore requires, as input, the v — « phase
transformation temperatures for both cooling (Ars, Ar;) and
heating (Ac;, Ac,). Since data in this form are readily avail-
able for most alloys of steel, the model is capable of simu-
lating any desired steel composition with ease.

The transformation fractions generated using the simple
cosine relations in Egs. [33] and [34] produce S curves for
fraction vs time that are remarkably close to those found
experimentally.” When reheating a partially transformed
structure, the austenite fraction is assumed to remain con-
stant until the heating equation, Eq. [34], generates larger
austenite fractions. To accomplish this, the model must
track the heating/cooling state of each node. The result more
closely simulates the true expansion/contraction behavior of
steels subject to varying thermal treatments than has been
attained in previous stress models. An example of thermal
linear expansion vs temperature curves produced using this
novel approach is given in Figure 5 for continuous cooling
and heating. This figure also presents the transformation
temperatures employed to simulate the typical low-carbon
steel, chosen in Part I because of its susceptibility to off-
corner panel cracks.

C. Elastic Modulus

The elastic modulus of steel decreases significantly with
increasing temperature and, in addition, is quite sensitive to

Acz=T725
v

. Heating

0.8

Thermal linear expansion, TLE (%)

Cooling™

0.6 —

] 1 | 1
500 700 900

Temperature (°C)

Fig. 5—Thermal linear expansion curves for cooling and heating of
low-carbon steel used in the model.
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the strain rate at which measurements are made. This phe-
nomenon can be incorporated into the stress model in two
different ways. If strain rate during processing remains rela-
tively constant, stress-strain data measured at the appropri-
ate strain rate can be employed and creep can be ignored.
Alternatively, unrelaxed elastic modulus data can be em-
ployed, when strain rate is extremely variable, and creep can
be accounted for separately with a time-dependent, elasto-
viscoplastic function.

Figure 6 presents the different elastic modulus functions
used in the model. The relaxed data of Puhringer®’ has the
advantage of gradually tending to almost zero at the liquidus
temperature, which helps to avoid numerical difficulties in
the computation. The function in Figure 6 obtained from
“unrelaxed” data®®***' is considerably higher at tem-
peratures above 768 °C and tends toward a finite elastic
modulus of about 25 pct of the room temperature value as
the solidus temperature is approached.”

Note that austenite has an elastic modulus of 15 to 20 GPa
higher than « or & iron at the same temperature. Effects of
alloying elements on elastic modulus were ignored since
they are known to be quite small.*’ Above the solidus tem-
perature, the elastic modulus was drastically reduced to
only 1 MPa in order to ensure no resistance to strain by
the liquid.

V. STRESS MODEL VERIFICATION

To verify that the stress model had been formulated and
programmed correctly, it was first employed to solve

[ [ [
E=210-0075T
200 -
0]
B —-—— Puhringer function B
— Unrelaxed function
& 150 —
©
w
(1] g
=
El
o
(=}
E !
o 100 E=181-0075 T
= v
o
w
50 \ E=425-025T>
\
2 \
E =00594(Tsol = T)" _\
— (Teo1134)  \ -
N
N
N
0 I L T
(0] 500 1000 1500

Temperature (°C)
Fig. 6—Elastic modulus functions used in stress model.
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two simple problems whose solutions could be found
analytically.

A. First Test Problem

To verify the basic load-deflection calculation, the model
was first run to predict the tip deflection for an isothermal,
statically loaded, 0.1 X 1.2 X 4.8 m cantilever beam with
a 400 N/m parabolic shear load distribution at the tip. A
constant elastic modulus of 300,000 MPa and Poisson ratio
of 0.25 were assumed. The problem is illustrated in
Figure 7(a). From beam theory, the horizontal deflection at
the tip is 0.035583 m and the axial stress at point A is
600 MPa.

The stress model was run for one time step under plane
stress conditions using the 165 node mesh shown in
Figure 7(b) which, due to symmetry, models only one-half
of the beam and sets horizontal displacement along the
centerline to zero. The results were 0.0337 m tip deflection
(5.3 pct low) and 537 MPa at point A (10.7 pct low) which
are within engineering accuracy and are consistent with the
inherent stiffness of constant-strain triangles. Either further
mesh size reduction or extra “time steps” using the out-of-
balance force vector as a driving force could be utilized to
reduce the error to any desired lower level.

Nodal loads
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Fig. 7—First test problem for stress model verification: (a) schematic
diagram and (b) finite-element mesh.
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B. Second Test Problem

A second analytical solution was obtained for a problem
involving both thermal strain and creep to verify these as-
pects of the stress model. The same long, thin beam used in
the first problem was left unconstrained for this analysis.
From an initial uniform temperature of 0 °C, the beam was
subjected to an instantaneous, one-dimensional, parabolic
temperature distribution across its width:

T = =25 + 208.3x2 [35]

This function was chosen because there is no net change in
length of the beam due to thermal expansion (i.e., v = 0)
and the same simple expression for the initial stress-
distribution in the y direction, o,, exists throughout the
beam.

The initial solution was taken from Boley and Weiner*
and assuming an elastic modulus of 100,000 MPa, thermal
expansion coefficient of 2 X 10° °C~" and Poisson ratio of
0.3, yields:

o, = —EaT = 50 — 416.6x* [36]

The beam was subsequently allowed to relax according to
the relation:

g, = 4.0 X 107% [37]
The solution to this time dependent problem is:
o, = (50 — 416.6x%) exp(—0.004¢) [38]
and

£, = (0.0005 — 0.00416x2)[1 — exp(—0.0041)]
[39]

The asymptotical increase in plastic-creep strain gradually
relaxes o, to zero while o, remains zero throughout time.

The stress model was programmed to solve this simple,
transient, thermal-stress, plastic-creep problem using the
plane-stress, finite-element mesh shown in Figure 8. This
mesh takes advantage of the one-dimensional nature of the
problem. A constant time-step size of 30 seconds was
employed. The model predictions of both stress and plastic-
creep strain are compared with the analytical solution in
Figure 9. The surface and center of the beam are the least
accurate locations from the standpoint of the numerical
model, and were therefore singled out for comparison.
Stress model predictions of plastic strain differ from the
analytical solution by a maximum of only 15 pct initially
and improve steadily with increasing time. The predictions
of stress are even closer, with an initial maximum error of
less than 5 pct, and this decreases until the absolute stress
level drops to the same order of magnitude as computer
round-off errors.

The favorable comparison with analytical solutions to two
different problems indicates that the stress model can
accurately calculate displacement, strains, and stresses
including the effects of thermal expansion and plastic-creep
relaxation.

VI. FRACTURE CRITERIA

Comprehensive data on temperature and strain-rate
dependent ultimate strength and fracture strain are not avail-
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Fig. 8—Second test problem for stress model verification: (a) schematic
diagram and (b) finite-element mesh.

able, particularly for the varied thermal and stress histories
encountered at various locations in the ingot. In addition,
the data, obtained in one dimensional tensile tests, must be
interpreted for the multi-dimensional stress-strain state
existing in the ingot. For the purposes of presenting sample
results of the stress model predictions in the present paper,
plots of three separate variables were constructed on the
ingot cross section at selected times during processing.

A. Principal Stresses

For materials susceptible to brittle failure, the criterion of
maximum normal stress has been found to be effective.*
Thus, the magnitude of the maximum principal tensile stress
should give a good indication of cracking tendency. The
two principal stresses are calculated from the three stress
components by:

o, + o, o, —o,)\° 14
- L+ = 2+ 72 4
P [(252) e a2 e

In addition, the columnar grain boundaries, extending per-
pendicularly from the ingot surface, are known to be weak,
so the orientation of the stresses is also important. Thus, the
principal stresses were calculated by the stress model and
presented graphically as stress bars plotted at each node in
the mesh. The bars are oriented in the directions of the
principal stresses with lengths that are proportional to their
magnitudes, and compressive stresses are distinguished with
tic marks at the end of each stress bar.

O =
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Fig. 9— Comparison of analytical and numerical predictions of stress and
strain for second test problem.

B. Effective Stress

For materials that fail in a ductile manner, other fracture
criteria are based on the maximum shearing stress (Tresca)
or the maximum distortion energy (Von Mises).* The latter
criterion states that failure will occur when the effective
stress, as defined by

o = (o2 + ol + 315 — 0,0,)" [41]

exceeds the ultimate strength. The effective stress, o, has
already been calculated by the model and employed as a
scalar stress value to determine the plastic creep strain from
the three stress components.

Regardless of their cause, cracks can propagate and open
up only under tension. Thus, to distinguish regions of ten-
sion and compression, the parameter, o, was assigned a
negative value if the principal stress with the largest mag-
nitude was compressive. The effective stress distribution is
displayed graphically as iso-stress contour lines.

C. Plastic-Creep Strain

The final fracture criterion that is most often utilized
involves a limit on either the plastic strain or the total strain.
Because the total strain is largely composed of thermal
strain, which should not bear any direct influence on crack-
ing tendency, this criterion was rejected. Plastic strain,
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however, should be an effective fracture criterion. For a
grain-boundary void coalescence fracture mechanism, both
tensile and shear plastic strains contribute to the structural
damage ultimately leading to failure. Thus the increments of
plastic-creep strain already calculated in the model using
Eq. [21] were accumulated in a positive sense by

=gy, + |ALE] [42]

Contour plots of plastic-creep strain so calculated are then
presented in the same manner as effective stress, in order to
portray the strain state of the ingot.

£P1+A1

VII. RESULTS

Figure 10 presents the principal stresses and effective
stresses that arise during the processing of a 760 mm X
1520 mm, 23,000-kg, low-carbon steel ingot. The model
simulation was based on temperatures generated by the heat-
flow model. These temperature results were presented in
Part 1,' which also gives details of the mesh geometry, steel
composition, and processing conditions under which this
simulation was conducted.

Figure 10(a) shows that, at the end of a four-hour cooling
period in the mold, the entire surface of the ingot is in slight
compression (as indicated by tic marks at the ends of the
stress bars) while the interior beneath this region is in slight
tension. This stress reversal occurs because at the beginning
of solidification, the thin shell is relatively free to contract
around the liquid core. As the shell thickens, the cooling
rate at the surface decreases and there may even be
reheating. This forces the surface layer into compression
and sets up complementary tensile stresses just beneath the
surface. Figure 10(a) shows that the greatest stresses are
compressive and are found in the vicinity of the corner. This
compression arises from the expansion accompanying the
prolonged reheating at the corner and the beginning of trans-
formation from austenite to ferrite. Stresses in the interior
are small both because of the low temperature gradients and
the high temperatures which produce lower elastic modulus
values and rapid stress relaxation by plastic creep.

After cooling for 4 hours in the mold, the ingot is
stripped. It is then allowed to cool for 1.75 hours in air
before it is charged into a soaking pit. Upon stripping, the
rapid contraction of the chilled ingot surface produces
tension over the majority of the wide face as shown in
Figure 10(b), where the time after stripping is 10 minutes.
However, the surface layer quickly cools into the two-phase
region between the Ar; and Ar, temperatures, and the expan-
sion accompanying transformation forces the surface back
into compression, where it remains for several hours.

As the two-phase region moves deeper into the ingot, the
associated compressive stresses also move deeper and
increase in magnitude. They induce complementary tensile
stresses in the region just ahead of the compressive band. As
shown in Figure 10(c) (i), the principal tensile stresses of
this interior region of tension are oriented primarily in a
radial direction, roughly parallel to the grain boundaries.
This contrasts with the compressive band whose greatest
principal stress lies tangential to the surface as an internal
“hoop stress”. Once the ingot surface falls below the Ar,
temperature, a trailing tensile wave is produced as the fully
transformed steel contracts with further cooling of the
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Fig. 10— Principal stresses (i) and effective stress contours (MPa) (ii) calculated by stress model for simulated processing of 760 X 1520 mm, low-carbon
steel ingot. (a) Stress state at conclusion of 4 h cooling in the mold (14,400 s). (b) Stress state during air cooling, 10 min after stripping from the mold
(15,000 s). (c) Stress state at conclusion of 1.75 h air cooling (20,700 s). (d) Stress state during reheating, 20 min after charging to soaking pit (21,900 s).

(e) Stress state during reheating, 70 min after charging to soaking pit (24,900 s). (f) Stress state during reheating, 5 h after charging to soaking pit (38,700 s).
(g) Stress state during air cooling, 15 min after drawing from pit (70,900 s).
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ferrite. This less-distinct tensile zone then follows the
sharply-defined compressive wave into the ingot interior, as
shown in Figure 10(d).

After 1.75 hours of air cooling, Figure 10(c) shows that
the surface tensile zone has just reached the first cor-
rugation. If the ingot had been allowed to cool in air to
ambient temperature, this tensile wave would eventually
have moved completely into the ingot. A separate computer
simulation of this condition revealed that after 5 hours of air
cooling, the tensile wave would penetrate to replace the
compressive band at the ingot exterior. At that time, a sec-
ond compressive band begins at the corner, spreads along
the narrow-face surface, and with further cooling, even-
tually occupies the entire exterior of the ingot to cover
roughly one-third of the section. During this time, the adja-
cent interior tensile band moves deeper into the ingot to
occupy the central core. The cause of this second com-
pressive band is simply the overall reduction of temperature
gradients throughout the ingot which results in relatively
more contraction in the central core of the ingot as compared
to the exterior. With further cooling, the magnitudes of both
the exterior compressive region and interior tensile stresses
slowly increase in magnitude. This stress pattern persists
after complete cooling to ambient temperature, resulting in
residual stresses. This calculation of compressive residual
stresses on the surface surrounding a tensile core has also
been verified by previous researchers studying continuous
casting of cylindrical sections.'

If instead of complete air cooling, the ingot is processed
according to the conditions outlined in Part I," it is charged
into the soaking pit following 1.75 hours of cooling in air.
Figures 10(d) and (e) then illustrate the dramatic changes in
the stress pattern that occur as the internal pit temperature
increases from 1000 °C initially to a soaking temperature of
1200 °C. The most interesting feature is the development of
a temporary tensile region beneath the ingot surface in
the vicinity of the corner and the first corrugation. The
location and shape of this zone corresponds closely to the
eventual location of off-corner panel cracks.

This tensile zone initiates on the surface at the center of
the wide-face almost immediately after charging. It then
moves below the ingot surface as it migrates toward the
corner. After 20 minutes, the same zone has moved com-
pletely below the ingot surface and has extended around the
corner to lie beneath the narrow face as well (Figure 10(d)).
The maximum tensile stress is nearly 10 MPa and is cen-
tered beneath the trough between the first and second cor-
rugations. With further heating, the zone moves deeper into
the ingot and diminishes in both size and magnitude. It is
replaced by compression at the exterior of the ingot, as
shown in Figure 10(e), after 70 minutes of reheating.

This tensile region is a direct result of the “wrapping”
movement of the Ac, temperature isotherm noted in Part I."
It arises because the ferrite/pearlite mixture in the subsurface
zone is contracting during retransformation to austenite
while it is enclosed by untransformed austenite that is ex-
panding. Figure 10(d) shows that the tensile stresses in this
zone are biaxial, but have components oriented perpen-
dicular to the grain boundaries.

The other major tensile region, that was located on the
inside of the two-phase compressive band at the time of
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charging, remains almost stationary during reheating while
it diminishes in area. The two tensile regions eventually
merge and retreat to the central core of the ingot. Fig-
ure 10(e) shows that after 70 minutes of reheating, a reversal
of temperature gradients has taken place within the ingot
and the result is a large, diffuse, interior tensile region sur-
rounded by a thick surface layer in mild compression. Even-
tually, as the internal temperature gradients subside, the
relative expansion of the interior puts the surface of the wide
face into slight tension. This first occurs after two hours,
near the off-corner location, and reaches a maximum of
6 MPa at the peak of the first corrugation. Figure 10(f)
shows that after 5 hours of reheating this tension has spread
across the surface of the wide face and decreased in mag-
nitude. Continued time in the pit merely diminishes these
stresses as plastic creep flow is rapid at these high tem-
peratures. Stresses are eventually completely relaxed when
the ingot is withdrawn from the soaking pit after 13.7 hours
of reheating.

Figure 10(g) illustrates the dramatic increase in stresses
that occurs during the 15-minute period following removal
of the ingot from the soaking pit. The surface layer of the
ingot, with the exception of the corner, immediately goes
into tension as the austenite exterior contracts with the rapid
cooling. Expansion of the surface layer as the austenite
transforms below the Ar; then induces the movement of a
compressive wave from the corner into the ingot. After
30 minutes, the entire surface of the ingot is in compression.
Further cooling produces stress development that is quali-
tatively very similar to that arising during air cooling after
stripping from the mold.

It is evident from the discussion of Figure 10 that the
description of stress development based on principal stress
results is consistent with that portrayed by the effective
stress contours. Significant differences in magnitude be-
tween o and the larger of o and oy arise only when the two
principal stresses are nearly equal in magnitude but opposite
in sense, which indicates a region of higher shear.

Figure 11 presents contours of accumulated plastic-creep
strain at several important times during ingot processing
identified in the previous discussion. The overall strain pat-
tern that develops by the time of stripping (Figure 11(a))
remains essentially unchanged thereafter. Significant strain
arises while the ingot is in the mold because temperatures
are so high and the rapid cooling induces large volume
changes. However, a good deal of plastic deformation also
occurs during air cooling, particularly at the ingot surface
where the compressive zone develops. A comparison of
Figures 11(b) and (c) shows that during the first hour of
reheating, when the most dramatic changes in stress pattern
take place, the plastic-creep strain contours change very
little. Plastic-creep strain remains highest at the center of the
surfaces of the wide faces and narrow faces until the latter
stages of reheating when creep strain builds up at the corner
under compression.

The most notable feature is that maximum plastic-creep
strain rarely exceeds 5 pct anywhere in the ingot. At the
eventual location of panel cracks, beneath the first cor-
rugation, plastic strain remains below 2 pct even after many
hours of reheating. This result reveals the importance of
temperature-dependent metallurgical factors in the fracture
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Fig. 11— Accumulated plastic-creep strain contours (pct) calculated by stress model for simulated processing of 760 X 1520 mm, low-carbon steel ingot.
(a) Strain state at conclusion of 4 h cooling in mold (14,400 s). (b) Strain state at conclusion of 1.75 h air cooling (20,700 s). (c) Strain state during reheating,
100 min after charge (24,300 s). (d) Strain state during reheating, 5 h after charge (38,700 s).

mephanism. Crack f(l)ljmatio.n. is not possible without a sig- VII. EFFECT OF MECHANICAL

nificant loss of ductility arising from grain boundary em- PROPERTY DATA

brittlement or local strain concentration. Plastic-creep strain

rates calculated from these results range from 1 X 107~ to Test runs of the stress model were conducted to determine
4 x 107% s7" at the surface and average about 3 x 1077 s™". the influence of the mechanical property data employed. In
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particular, the importance of the function employed for cal-
culating visco-plastic strain rates was demonstrated. Fig-
ure 12 presents the effective stress contour distributions that
developed after 4 hours of mold cooling and 1.25 hours of
air cooling using three different functions for plastic-creep
strain rate. Figure 12(a) presents the results of the final
simulation using the data of Wray® with plastic-creep strain
rate accelerated by 1000 times in the ferrite, Eq. [29]. Fig-
ure 12(b) was obtained using the data of Sakui and Sakai,?”
whose function, Eq. [30], produces lower plastic-creep
strain rates for a given stress and temperature. Finally, Fig-
ure 12(c) presents the distribution that developed without
including plastic-creep at all. This corresponds to a purely
elastic stress distribution.

In general, a reduced plastic-creep rate simply results in
increased stress levels in the peak stress zones such as the
band of high compression. However, important qualitative
differences also are apparent. Both the compressive band
and internal tensile band tend to occur deeper in the ingot
with decreasing plastic-creep rate. The consequences of ig-
noring plastic-creep completely are severe. During a se-
quence of alternating compression and tension, the initial
compressive peak is an order of magnitude lower than would
actually be encountered. Subsequent tensile peaks must first
overcome this artificial compression which results in tensile
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peaks that are lower, on a relative level, than found when
plastic-creep was included. Secondly, while not apparent in
the figures presented, the lack of plastic-creep changes the
subsurface stress pattern from principal tensile stresses par-
allel to the grain boundaries, to hoop stresses normal to
them. In addition, unreasonably high tensile stresses arise in
the ingot center when plastic-creep relaxation does not oc-
cur. Figure 12(c) exhibits stresses in excess of 300 MPa,
which at the high temperature and low strain rates involved,
exceeds the ultimate tensile strength by over 10 times. Fi-
nally, it is difficult to estimate accurately the strains gener-
ated with an elastic model since the elastic strain alone
vastly underpredicts total strain and the entire thermal strain
overpredicts deformation. These results clearly indicate the
necessity for adequately including strain-rate and temper-
ature dependent, plastic-creep in the stress model.

The processing of higher carbon steel was simulated using
a plastic-creep function, Eq. [28], that, unlike Eq. [29],
included no acceleration of plastic-creep rate in the
ferrite + pearlite region below the Ar;. The effect of this
change in steel composition on the resulting stress pattern
can be seen by comparing Figure 12(a) with Figure 13. The
most important difference is the increased level of tensile
stress in the regions associated with contracting ferrite +
pearlite. This occurs because the plastic-creep relaxation
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Fig. 13—Effective stress contour distribution at 18,900 s during air
cooling, 1.25 h after strip, calculated using property data for medium-
carbon steel.

rate in the ferrite/pearlite phase of higher carbon steels is not
enhanced over that in austenite. In addition, the internal
tensile zone occurs deeper in the ingot.

An interesting feature of the stress pattern development
near the vicinity of the corrugations can be seen in Fig-
ure 14. The maximum tensile stresses occur in roughly cir-
cular zones centered directly beneath each corrugation
peak. This feature, which was generally present in all of the
simulations, is most clearly evident in the elastic model
results, ‘where local stress variations are magnified relative
to the full plastic model simulations.

The choice of elastic modulus function was found to have
little effect on the development of the major stresses associ-
ated with the phase transformation zone. Only at high tem-
peratures, near the solidus, did the simulation with the
higher unrelaxed elastic modulus function produce stresses
of significantly increased magnitude. Smaller time steps
were required to handle the increased numerical difficulties
associated with the unrelaxed function. Although this was
not of great concern for the present study which focused
on the intermediate temperatures associated with panel
crack formation, it may be of importance to continuous
casting, where stresses at temperatures near the solidus can
be responsible for hot-tearing cracks.
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Fig. 14 —Maximum principal tensile stress contours at 18,900 s during air
cooling, 1.25 h after strip, calculated assuming no creep.

IX. CONCLUSIONS

An accurate, sophisticated, but cost-effective, mathe-
matical stress model has been developed to calculate two-
dimensional stress and strain development in a steel ingot
during thermal processing. The model uses, as input, tem-
peratures calculated by an uncoupled heat-transfer model
that includes the effects of irregular geometry such as
rounded corners and mold corrugations.

The ability of the stress model to accurately calculate
displacement, strain and stress, including the presence of
thermal loading and time-dependent plastic flow, was dem-
onstrated through comparison against analytical solutions.
The model was then used to calculate stress and plastic-
creep strain contours in a transverse slice at mid-height of a
760 X 1520 mm, low-carbon steel ingot processed under
conditions conducive to panel crack formation. From the
results of these simulations, the following conclusions can
be drawn:

1. The development of major regions of tensile and com-
pressive stress within an ingot during processing is linked
directly to the expansions and contractions that accom-
pany the moving zone of two-phase y + a material re-
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lated to the phase transformation temperatures (Ars, Ary,
Acs, and Ac,). Thus, incorporating the effect of this
phase transformation, including kinetics, into the stress
model is very important.

. The most dramatic changes in stress development occur
during the early stages of reheating in the soaking pit.

. Including the effects of time-dependent plastic flow into
the model through a temperature and stress dependent
plastic-creep function has a profound influence on both
the magnitude and qualitative development of stress.
Plastic-creep relaxation lowers stress levels in the ingot
by an order of magnitude.

. The plastic-creep strain throughout the ingot is always
very low and rarely exceeds 5 pct. This result indicates
that crack formation is not due to stress generation alone.
Mechanisms for the generation of elevated-temperature
ingot cracking problems, such as panel cracks, must in-
volve a significant metallurgical problem such as loss in
hot ductility or localized strain concentration in addition
to the presence of tensile stresses.

. While mold corrugations do not have a significant influ-
ence on temperature development, they do have an im-
portant effect on local stress variations. The maximum
tensile stress in the vicinity of the corrugations is gener-
ally centered beneath the corrugation ridges, locally in-
creasing the propensity for crack formation.

This mathematical model for calculating the tempera-

X,y coordinate directions (m)

a thermal linear expansion coefficient (m m™' °C™")
a ferrite/pearlite phase of steel

Yy shear strain

0 austenite phase of steel

&, scalar plastic-creep strain rate (m m~' s7")

&y positively accumulated total effective plastic

strain (m m™)

o, oy total principal stresses (MPa)

o total effective stress (MPa)

Ty shear stress (MPa)

v Poisson’s ratio

{Ae}  incremental total strain vector containing 3
components &,, &y, Yy, (m m™")

{e} 3 X 1 total strain vector (m m™')

{Ae,}  incremental elastic strain vector containing 3
components Ag,,, A€y, Yy, (mm™")

{Ae,}  incremental plastic-creep strain vector containing
3 components Ag,,, Ag,,, Y, (mm™")

{ep} 3 X 1 total plastic-creep strain vector (m m™")

{Aer} 3 X 1 incremental thermal strain vector (m m™")

{Ao}  incremental stress vector containing 3 components
Ao, Aoy, AT, (MPa)

{a} 3 X 1 total stress vector (MPa)
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NOMENCLATURE

A area of element (m?)

Ars, Ac, austenite to ferrite/pearlite transformation start
temperatures for cooling, heating (°C)

Ar,, Ac; austenite to ferrite/pearlite transformation finish
temperatures for cooling, heating (°C)

[B] element strain-displacement matrix

b superscript pertaining to external element
boundary

{d} nodal displacement vector

[E] 3 X 3 elasticity matrix for plane stress

E elastic modulus (MPa) or (GPa)

e superscript pertaining to element

{F.,}  thermal force vector

{Fep} plastic strain force vector

K, global stiffness matrix

[K,]° element stiffness matrix

L length (m)

NE number of elements in mesh

q heat flux (W m™?)

T temperature (°C)

T, base temperature in Eq. [10]

TLE thermal linear expansion (m m™")

t time (s)

At time step increment (s)

u,v incremental displacements in x and y

directional (m)
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